SOLUTIONS
OPTIONS AND MATHEMATICS
(CTH[mwve095], GU[M M A700))

August 27, 2011, morning, v.

No aids.

Each problem is worth 3 points.

Examiner: Christer Borell, telephone number 0705292322

1. (Binomial model with "= 2, u > 0, d = —u, and 0 < r < u) A financial
derivative of European type pays the amount Y at time of maturity 7', where

Y =5(1) — min S(?).

te{1,2}

Find Iy (0).

Solution. Set S(0) = s and

S(t+1) = St)ef+, t=0,1.

V(2)|x,=u,Xo—u = s€" —se"=0
V(2)|x,=u,Xo—a = s€"—s5=s(e"—1)
’U(2)|X1:d,X2:u - Seiu - Seiu = 0
U(Z)\Xlzd,XQ:d = se ' —se M= 36_2“(6“ —1)
and defining
W= o 1T

we get

U(1)|X1=u = 67T<Qu -0+ st(eu - 1)) = eirqu(eu — 1)
v(D)ixi=a = €7 (qu- 0+ gase™(e" = 1)) = e "qase” (" — 1).

Thus
v(0) = e {que "qus(e" — 1) + qae "qase (e — 1)} =



e_%sqd(e“ — 1) (qu + qde_Q“).

2. (Binomial model with 7" periods and u > r > d) A financial derivative of
European type pays the amount Y = /S(T) at time of maturity 7. Find
I1y-(0).

Solution. Set

el — €d el — e
and ¢ = .
— €d

qu:eu_

We have

T
0) _ e—rTZ ( Z ) qﬁqg k\/s<0)€ku+(T—k)d
k=0

T
TVEOY () e )0
k=0
e—rT /S(O)(queu/Q + qded/Q)T‘

3. (Black-Scholes model) Suppose 0 < a < b and 0 < ¢t < T. A financial
derivative of European type pays the amount Y at time of maturity 7', where

| S(1) if S(T) € Ja,b],
Y—{ 0 if S(T) ¢ Ja, b].

Find Iy (¢).

Solution. (a) Let H(z) =

lifz >0, [ 1ifz >0,
HO(SC)Z{ 0ifz <0 andHl(x)_{ 0if 2 < 0.

Then
Y = S(T)(Ho(S(T) — a) — Hy(S(T)  b)).



Moreover, if s = S(t) and 7 =T — t,

&0 0'2 0_2
sy mosr)-a)(t) = €' / se =TTV iy (el TV — ) (a)da =

—1_(In £+(T_£)T) R L_(In ﬁ-i—(r——"2 )T) 9 9

o/T a 2 o o\/T a 2 o x d

e—m—/ 86(7’_7 )T—o\/TT :(]7) / S/ 6—77—0\/;33—7 x
— —00 V27

o)
1 s 0'2 1 s 02
oﬁ(ln g‘f‘(T—T)T) Uﬁ(ln 24(r+%)7) 2 dx

. / ~ovrra? 4T L
oo V21 oo V2m
B+ (r+ )

and, in a similar way,

sy my (s(r)—v) () = (7(11(l + (r+ 2) 7).

Thus
Iy (t) =

S(t) (@(U—lﬁ(ln 5O 1 v Ty - @(Uj/;(ln B0 —)T))) .

4. (a) State the Chebychev inequality. (b) Suppose (Xx)}_; is an i.i.d. with
FE[X?] < co. Use Part (a) to show that

< Var(Xl)

if e > 0.

1
Pll—(Xi+ ...+ X, —E|X4{ |>
G ) - Bl [z e < P2

5. (Black-Scholes model) Suppose 7 =T — ¢ > 0 and
o2

2

S

dy = (In +(r+

— 2.

Prove that 9
c
%(t s, K, T) = (I)(d1>
(Hint: c(t,s, K,T) = s®(dy) — Ke " ®(dy), where dy = d; — 0/7)



