SOLUTIONS

OPTIONS AND MATHEMATICS

(CTH[mwve095], GU[M M A700))

May 27, 2013, morning, v

No aids.

Questions on the exam: Christer Borell, telephone number 0705 292322
Each problem is worth 3 points.

1. (Binomial Model: S(0) = B(0)=1,T =2, u=—-d=1n2, and r =0). A
FEuropean-style financial derivative pays the amount Y at time of maturity

T = 2, where
0 if S(0) = S(2),
Y= { S(1) if S(0) # 5(2).

(a) State the time zero price IIy (0) of the derivative.
(b) The portfolio strategy h replicates Y. State h(0) = (hs(0), hg(0)).
(Please, do not hand in any solutions, just answers!)

Solution. (a) We have

_er—ed _1
quie“—ed 3
and
e —e” 2
qd =

ev—ed 3
Moreover, if v(t) = IIy(¢) and s = S(0),

U<2)\X1:U,X2:u = se"
U(z)\X1:u7X2:d =0
V(2)1x,=d,xo=u = 0
U(2)|X1:d,X2:d = sed
and, hence,
u—r

d d—r

v(1)|x,=u = €T quse" = quse
v(1)x,=a = € " qase” = quse

Now

4 4
My (0) = e " (gse" ™" + qgse™™") = se” ™ (que" + gje”) = 55 = 5.



(c) We have
hs(0)se" + hp(0)B(0)e" = g,se"~"
hs(0)se? + hp(0)B(0)e" = ggse?.
Thus d
— QUeu — gd€ 2
he(0) = ¢ e — € _ =
s(0) =e et — et 9
and +d—2
w2 g, 22
hB(O):s6 9~ G _ 252,

B(0) er—ed 97 9

2. (Black-Scholes Model) A European-style financial derivative has at time
zero the price a and pays the amount

a+ i S(T) > S(0)
Y= { a if S(T) < S(0).

at time of maturity 7', where a and 7T are given positive numbers and ¢ is an
unknown real number. Find &.

Solution. Put Z = H(S(T) — S(0)), where H is the Heaviside function. Now
Y =a+&Z and
a=ae”"" + £I14(0).

Thus
a(l —e™T)

$= I12(0)

Moreover, if s = 5(0),
0_2
[5(0) = 7B [H(s(e5T=vT0 _1)]
where G € N(0, 1) and, hence,

[,(0) = e 7P |G < (- %)ﬁ] — T

r
g

Summing up, we have




3. (Black-Scholes Model) Suppose K,7 > 0 and N € N, are given and
consider a European-style derivative which pays the amount

+

at time of maturity 7. Find the time zero price Ily(0) of the derivative.
(Hint: 12 42>+ ...+ N? = 2 N(N +1)(2N + 1))

Solution. Set S(0) = s to get

1 +
—rT 5 (r—22)iL 4 oW (L) ’
IIy(0)=e ™ E ||s He 7N N - K
j=1
= [( (- BT 2 SN WED) )j
=e ' F =1"VN) — K .

Set X = chvﬂ W(%T) Clearly, X is a centred Gaussian random variable and
to find its variance put

T N e O/ AN
Z; —W(N) W ( i ), j=1,..,N.
Then
Nk N
X:Z(ZZZ Z Z —i+1)Z
j=1 i=1 1<i<j i=1
1<jSN
and
N

Var(X) = (N —i+1)*Var(Z;)

=1

(N —i+ 1)2:%@\7 +1)(2N +1).

I
=14



Thus

Iy (0) =e™FE

)

+
2\ (N+)T | ¢ [(N¥+1)2N+1)T
(Se(r_Z) N TN 6 G _ K) ]

where G € N(0,1). Now put

o2\ (N+1D)T
{ a:(T_T)( 2+N)

p— o,/ INADEN+DT
- N 6
so that
Iy (0) =e™FE [(se“’bG — K)T
¢ 1.2 d[L‘ /C 1.2 d[L‘
—rT a —br—=x —br—=x
=e se e 2 —— — K e 2" —
( /_oo 2 o Vi 277)
where n<
_MxTa
c ; .

Summing up, we get
Iy (0) = e <se“+b7<1>(c +b) — K<I>(c)>

with a, b, and ¢ defined as above.

4. Let (X,)52; be an i.i.d. such that P[X; =1] = P[X; = —1] = 5 and set

1
V,=—(X;+..+X,), ne N,.

Vn

Prove that Y,, — G, where G € N (0, 1).

5. (Dominance Principle) Show that the map
K —c(t,S(t),K,T), K>0

1S convex.



